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PREFACE

This paper is written of the wide range of readers. The discussed problem is directly
related to Computer Graphics but mathematicians who do not have a background in this

field can still understand the relationship of this problem with computer graphics.

Chapter 1 explains the basic concepts and gives the overview of printing graphics. It also

discusses the motivation that leads to this research.

Chapter 2 discusses the Bézier curve, its place in computer graphics and the previous

work done on this topic and their drawback or limitations.

Chapter 3 states the hypothesis and discusses their reasonability with respect to the

motivation of the research and the previous work done.

Chapter 4 contains the theoretical developments; it explains the analytical work done and
the approximate solution of the problem, and discusses the approach features and

limitation. It also contains the flow chart for the derived algorithm.

Chapter 5 first defines the practical test dataset used, then it explains the spatial and
temporal performance improvement of parabolic approximation (the devised algorithm)
versus the commonly used recursive subdivision algorithm. It also explains how can we

tune the algorithm to get the best spatial performance.

Chapter 6 summarizes accomplishments of this research. It also lists some the questions

that remained unanswered and may be good topics for future researches.
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ABSTRACT

Ahmad, Athar Lugman, M. S., University of South Alabama, May 2001, Approximation
of a Bézier Curve with a Minimal Number of Line Segments, Chair of Committee: Dr.

Thomas F. Hain.

Rendering a Bézier curve segment usually involves approximating the curve by a
polyline. A well-known technique called recursive subdivision generates such an
approximating polyline by subdividing the Bézier curve segment into two subsegments.
Each subsegment is recursively subdivided until the maximum deviation of the
subsegment from its chord is less than a predefined constant, the flatness. This ultimate
subsegment can then be replaced by its cord. However, in this technique, subdividing
curves slightly above the flatness threshold yields two subsegments whose maximum
deviation may be much less than the flatness. The average deviation of all resultant
subcurves will generally be less than the required flatness, implying that a greater number
of approximating line segments than necessary will be generated. In the current research,
the Bézier curve is subdivided in such a way that all ultimate subsegments are as long as
possible, thus generating fewer polyline components. We have devised approximations

and/or heuristics to ensure that the calculation overhead is acceptable.
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Chapter 1
INTRODUCTION

1.1 Computer graphics

Two-dimensional computer graphics drawing deals with conversion of high-level
geometric objects—curves of various type thickness and style, areas with defined outline
and fills/patterns, fonts, and bitmaps—to images. These images are finally rendered as
pixels on various devices such as a monitor, or a printed page (produced by a printer).
The pixels on the rendering device are normally addressed as a two-dimensional
coordinate system known as a raster. The size of the raster in pixels is known as its

resolution.

The high-level collection of objects, such as graphical objects and text fonts that are
represented by graphical objects (excluding bitmaps), is typically converted to, and
approximated by, a list of lower-level geometric primitives, namely /ine-segments (to
approximate curves,) and horizontally-aligned trapezoids (to approximate areas.) This list
is often called a display list [7]. The process of approximating the curve by line-segments
is called the “flattening the curve.” The original image can thereby be stored in a (lossy)
compressed form that can nevertheless be rapidly rendered. The degree of allowable
approximation is dependent on the display resolution. Figure 1 shows an example of each

primitive.



P2 P3

Po
P

Line-Segment Pl P 0
Trapezoid

1

Figure 1. Example Primitives

1.1.1 Printer Graphics

Printer graphics deals with printing different high-level objects, such as images, vector
graphical, and text objects, known as page objects, to a printing device. This process is

described by Figure 2.

The printer gets the description of these objects in some predefined languages called page
description language (PDL,) e.g. PostScript, PCL and PCL-XL. This description is
passed to a graphics library which converts them to the primitives for the display list. The
display list is then converted to the final image represented by pixels. This image can

then be used by the device hardware to create the hard copy.

Page
Description
Language
(PDL)

eg.
PostScript,
PCL etc.

Display List
Lines &
Trapezoids

Graphics
Library

Image in
Pixels

Rasterizer

Figure 2. Printing Graphics

The intermediate step of converting the objects to display list is necessary because often
we have to store the image in a compressed format for features like multiple copies,

collation and duplexing (printing on both sides of the media). If we store the page objects




in PDL format then we will have to again spend the considerable time to convert it to
image. On the other hand, storing them in image format needs relatively large amount of
memory. Therefore, storing other than the display list can significantly reduce

performance.

1.2 Some useful definitions and terminology

We now present some formal definitions and terminology useful in the current context.
Definition: A polyline is specified by a sequence of n > 2 points
(Po-P;>P, " *»P,»-P,.1) » such that adjacent points are non-coincident, and is

composed of the sequence of (joined) line segments
(Po-P,) (P1>P2)>" > (P,_5-P,_;) - The points p, and p,_, are the polyline end-

points, and the inner points, if they exist, are p,,p,, -,P,_, -

Figure 3 shows a polyline defined by 7 points (Po,---Ps), where P; and Ps are coincident.

Ps
Ps
Py

P
P, 2

Figure 3. Example polyline

Curves are normally approximated by polylines, and we will say that a polyline
interpolates a curve if the polyline end-points are coincident with curve end-points, and
all the inner points of the polyline (if any exist) lie on the curve. If the inner points are not
on the curve—but presumably close—we will say that the polyline extrapolates the
curve. This research focuses on generating interpolating polylines. Figure 4 illustrates the

concept.



SN /TN

Interpolation Extrapolation

Figure 4. Curve Approximation

On the other hand, areas are modeled by a collection of trapezoids. First we approximate
the object outline by polyline and then the inner areas are resolved into a disjoint
collection of trapezoids by using a technique called trapezoidation. In this technique we
draw horizontal lines through each point on the polyline approximating the curve. Doing
this divides the inner area of the curve into trapezoids. We do this because we know how

to rapidly render trapezoids. Figure 5 shows an example of trapezoidation.

4/\,,1%

N

Ps 8

P,
P,

Object Outline Approximation Trapezoidation

Figure 5. Object Approximation and Trapezoidation

1.3 Motivation for reducing number of primitives in the Display list

As explained in Section 1.1.1, we have to store the display list until it is converted to its

pixel format when needed. The size of the display list is dependent on the number of



primitives in it; the smaller the number of line-segments and trapezoids in the display list

the smaller will be its size.

Additionally, a smaller number of primitives will take less rendering time (which
includes the conversion to the rasterized image object.) Each primitive requires a new and
potentially complex initialization, after which the loop generating the pixels is relatively

fast.

Therefore, reducing the size of the display list is beneficial from the point of view of both
spatial and temporal performance. Thus, there is a strong motivation to resolve a drawing

into the smallest number of primitives consistent with the resolution requirement.
The number of primitives can be reduced in following two major ways:

e (Curves: Since curves are approximated by polyline, reducing the number of points
in the polyline will decrease number of line-segments and hence the size of the

display list.

o Areas with curved boundaries: Areas whose outlines are curves, are also
important. The number of trapezoids needed to render an area object is
proportional to the number of segments required to approximate (flatten) its
outline curve. Typically, a polygon with n points is covered into n—1 trapezoids.
Thus, reducing the size of the outline approximation will reduce the number of

trapezoids, and hence display list.

1.3.1 Discussion

These benefits are somewhat theoretical in nature. In practice it is very likely that we
have a tradeoff between display list generation speed, display list storage space, and
image rendering speed, all of which is implementation as well as application dependent.
Reducing the number of points in a polyline would decrease the display list or trapezoids
needed but may increase the calculation overhead in approximation process. The greatest

advantage is to be gained when the same image needs to be rendered several times with a



single generation of the display list (e.g., printing multiple collated copies of multi-page
documents). In this case the display list generation can usually be amortized over

multiple renderings (unless display list memory is limited, or image complexity is too

great.)



Chapter 2
BACKGROUND

2.1 Bézier curves

Other than conics, cubic Bézier curves are the most commonly used curves in computer
graphics. Bézier curves offer a way to efficiently represent smooth curves as well as
curved surfaces (in 3-D graphics). One can draw, with arbitrary precision, almost any
type of graphical object using this type of curve. Moreover, a relatively small number of
cubic Bézier curve segments are needed to approximate a given higher degree curve. A
cubic Bézier curve segment is efficiently specified using only four control points. The
first and the last points are interpolated by the curve, while the other two are

approximated by it. Figure 6 illustrates examples of Bézier curves.

Figure 6. Example Bézier curves



Definition: Points on an order-n Bézier curve segment', Q(t), can be expressed

parametrically [1][4][5] as
Q=Y P53,

where
1. 0<¢<l1

2. P, are control points

3. B,.(t)= (:ljti(l —1)"" are known as Bernstein polynomials, or blending
functions.

‘Parametrically’ means that by substituting different values of 7 in the range [0,1] we get
different points on the curve segment. If we substitute 0 for # we get first control point,
P,, and if we substitute 1 we get the last control point, P, . It is clear from the definition
that the equation is a polynomial of order », and that n+1 characteristic (control) points
are needed to specify an order-n Bézier curve. Higher order Bézier curves may have more
oscillations than lower order ones, and so are not suitable for representing relatively
simple smooth curves. On the other hand, 1 and 2™ order curves are too simple to
compose complex curves since, in general, they provide too few degrees of freedom to
allow smooth joints. Most commonly, cubic (3" order) curves are used in simple drawing
applications. In this research, when we refer to Bézier curves, we will mean two-

dimensional cubic curves unless otherwise stated.

Definition: A cubic Bézier curve segment is specified by four control points, P, .
The outer control points, P, and P, are the curve segment end-points. The inner
control points, A and P,, control the tangential directions of the curve at F, and
P, respectively, and the lengths of the PO_P1 and PZ_P3 line segments control to

what extent £ and P, “pull” the curve into their direction.

' A Bézier curve segment is distinguished from a Bézier curve in the same way that a line segment is
distinguished from a line; it is the region of the curve between defined endpoints.



Definition: A subsegment of a Bézier curve Q is represented as S, (p,,p,), where
p, and p,, are the end-points of the subsegment (and are on Q). We may also

define a subsegment by the corresponding values of the parameter ¢ at the
endpoints, So(t,2,) with the value of 7 being 0 and 1 on the endpoints of the

(host) Bézier curve (See Figure 7.)

=0 S Mm.D. Where p;and p;are the end-
0 ”pf) points of subsegment

Where ¢ [0,1], and
SQ(t, ,t]) i [0,1]
So(t)=p;and So(t)=p,

Figure 7. Cubic Bézier Segment

Definition: For a cubic Bézier curve (sub)segment Q the maximum transverse
deviation, d,(Q), is defined as follows: if P, and P, are non-coincident end-
points then it is the maximum perpendicular distance of any point on Q from the
line passing through P, and P, otherwise it is the maximum distance of any point

on Q from P, . (See Figure 8.)



Figure 8. Maximum Transverse Deviation d

The following definition will become useful in the following discussion.

Definition: A point sequence on a Bézier curve described by function Q(¢) is
denoted as either P, (.1, "5, ), OF P, (Py>P;> " *»P,;) such that

p, =Q(#), 0<i<n-—1,is astrictly monotonically increasing sequence of
parametric values ¢, 1.e., 0=1, <f, <---<t,_, =1. For a given n, there is actually an

infinite set of such point sequences.

2.2 Rendering Bézier curves

Rendering a Bézier curve segment usually involves first transforming the curve to an
approximating polyline. A polyline interpolates a Bézier curve Q if the sequence of

points that defines it is a point sequence of Q, F, . The greatest transverse deviation of the

polyline from the curve is given by

max (d, (S,(p,-p..1)) (1.1)

0<i<n-1

10



Where S, is a Bézier segment from p, to p,,, . Generally, when we are trying to render a

Bézier curve by using an interpolating polyline, we wish to put an upper bound on this
value (for example, one pixel width), since it is related to the accuracy with which the

polyline renders the Bézier curve.

Definition: the flatness f of curve rendering is a specified upper bound on the

greatest transverse deviation of a polyline from a curve. That is, for all acceptable

polyline renderings of a Bézier curve Q we have

max (d, (Sy(p,»pini))< f (1.2)

0<i<n-1

2.2.1 Bézier curve subdivision

It is the property of Bézier curves that if one divides a curve segment into smaller
subsegments the resultant subsegments are also Bézier curves. Division of the Bézier
curve segment at some particular ¢ value in two smaller Bézier subsegment is called

Bézier curve subdivision.

Subdividing the curve is a geometric technique developed by de Casteljau [6].
Mathematically finding the control points of the two subsegments is simple and involves

only twelve additions and 6 multiplications [7]. The geometric interpretation and

equations used for the subdivision calculation is shown in Figure 9. P,,F,,P,, and P, are

the control points of the first Bézier curve, while PO'",P,",Pz', and P, are the control points

of the second Bézier curve.

11



B =PR+!(R-R)
R =R+(P-PR)
=P +!(P~P)
B =B 4B -B)
B =R +i(F-F)

R =R +(F =R)

Figure 9. Subdivision of Curve O(t)

2.2.2 Previous Work

There are number of different techniques to approximate the Bézier curve with a polyline.
Some are faster than others while other produces lesser number of line-segments for the

required approximation. Some of them are discussed below.

2.2.2.1 Recursive Subdivision

The most common technique used to generate an acceptable interpolating polyline for a
given Bézier curve is known as recursive subdivision [7][10][3][2]. Here, the Bézier
curve is recursively subdivided at ¢ =1/2 until the individual Bézier subsegment’s
maximum transverse deviation is less than or equal to the specified flatness. In practice,
the maximum transverse deviation is not actually calculated, but a conservative estimate
that is easier to calculate is substituted. If the maximum traverse deviation of the

(sub)curve does not satisfy the specified flatness then it is divided in half to create two

12



smaller subsegments. This dividing process is continued recursively until the each of the
subcurves has the flatness under the tolerance value. Straight-line segments can then
approximate these subcurves. Figure 10 shows that during first subdivision we have

maximum transverse deviation, d , , of one of the curves less than the required flatness,
/., while other curve’s d, does not satisfy the required /. So we divide the second
subcurve again to get the required results. Final approximating polyline is given by

polyline F,P_,, P

rsl?

P,

— Approximating polyline

Figure 10. Recursive Subdivision Algorithm

13



Hain[9] has shown an efficient way to calculate a much more accurate (but still
conservative) method to estimate the minimum transverse deviation. This causes, on
average, earlier termination of the recursion, and consequently, on average, an
interpolating polyline with fewer points. It should be noted that, when a segment whose
(estimated) maximum transverse deviation is barely above the flatness is split, the two
resulting subsegments will have minimum transverse deviations well below the flatness.

This will result in a polyline with a cardinality that is not minimal.

2.2.2.2 Brute-Force Rendering

Brute-Force is an iterative process in which we find the point on the curve by plugging in
the successive values of ¢ using Horner’s rule[7]. The cost for each point calculation is 9
multiplies and 10 additions. This is very expensive and also do not take account of the

curvature of the cure. This technique is rarely used in the industry.

2.2.2.3 Forward differencing

Another technique used for approximating Bézier curves by polyline is known as forward
differencing [7][10]. In this technique, we divide ¢ [0,1], into 7 equally spaced intervals,
0 ,such that nd =1, and then find the function value at the endpoints of each interval.
Since cubic Bézier curve is third degree polynomial and its third derivative is always a
constant, we can compute the point at next 6 by finding up to third forward differences.
So finding first three points involve a little expensive calculation, but the rest of the
points can be computed only with a few additions. The resultant set of coordinates

defines the curve. Below are first three differences of the initial point i.e., at =0, for

cubic Bézier curve given by P(¢)= A’ + Bt* + Ct+D.

Ap, = A5’ + B6* +CS

A’p, = 645" +2B5*

14



A’p, =645’

After the initial set of computation rest of the points and their forward differences are

calculated using the following formulas.
P, =P tAp,,
Ap, =Ap,,+A°p,
A'p,=Ap, ,+Ap,,

The biggest drawback of this approach is that it always generates a fixed number of line
segments depending upon the number of division of the parametric value, and does not
take into account the curve’s curvature. Thus, if we keep the criterion of trying to

generate the fewest segments, this technique is definitely not an appropriate approach.

2.2.2.4 Hybrid Approaches

However, a hybrid of the recursive subdivision and forward differencing may yield better
results. One of the hybrid approaches is known as adaptive forward differencing
[11][14][13]. This technique uses features from both recursive subdivision and adaptive
forward differencing. The main strategy here is forward differencing, but it uses
computationally efficient method to adjust the step size by factors of two. This still does
not lead to an optimal number of approximating segments, which is the goal of the

current research.
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Chapter 3
HYPOTHESIS

The benefits for reducing the number of primitives in the display list (Section 1.3) give us
the motivation for developing an algorithm that will reduce the number of line-segments
generated in an approximation (flattening) of the Bézier curve segment. Classifying the

properties of the algorithm into spatial and temporal, we have formulated two hypotheses.

Hypothesis 1:

An algorithm can be devised that generates a polyline approximation (within a given
flatness) of any Bézier curve that has no more line-segments, but on average 15%
fewer line-segments, than approximations generated by recursive subdivision (using

Hain’s stopping criteria. [9])

Hypothesis 2:

The algorithm will incur no more than a 100% computational penalty (intuitively

estimated), under implementation on a general-purpose single processor computer.

3.1 Discussion

It is clear that, of all algorithms flattening a Bézier curve to within the flatness constraint,
that one with the greatest average transverse deviation over all segments will have the
fewest segments. The challenge, taken up in this research, is to develop an efficient
algorithm to find a reduced set of points satisfying Equation 1.2. This will occur if the

points are chosen such that one of the following conditions holds:

dJ_(SQ(pi’le)):fﬂ 0<i<n-2
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di(SQ(piapm)):f, 1<i<n-1

That is, we start from one or the other end-point of the Bézier curve, and choose the next

point p, . as far along the curve as possible such that d (SQ (p,pm,)) = f where p is

the previous point. The last Bézier subsegment will have the property

d, (SQ (P, P )) < f where p is the penultimate point, and p, , is the last point of the

polyline.

This approach does not guarantee the fewest possible line segments because it only looks
at the interpolating polynomial approach. In some cases extrapolating the curve can cover
larger part of the curve. Figure 4 shows that when same curve is extrapolated produce one
less line-segment as an approximation. However, it would generate fewer segments than
the most commonly used recursive subdivision algorithm, without incurring excessive
computational overhead. We conjecture that optimality (within the constraint that
segment end-points fall on the curve—the interpolation case) will be achieved starting at

either end.

It should also be noted that recursive subdivision using Hain’s stopping criteria [9], rather
than the common stopping criterion, already reduces the number of line segments by 26%
from the most commonly used stopping criteria, which represents a close to optimal
improvement for recursive subdivision. Our technique is compared to the optimal
recursive subdivision algorithm used as a baseline, and is shown to significantly reduce

the number of segments even further.
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Chapter 4
THEORETICAL DEVELOPMENT

Say that control points Py, Py, Py and P specify a cubic Bézier curve Q(7). A line-

segment ﬁ , where P is a point on the curve, is an approximation of the Bézier
subsegment S, (P,,P). We need to find a point P on the curve so that the Beézier

subsegment has its maximum transverse deviation equal to the maximum tolerance

(flatness), [, 1i.e., d, (S,(Py,P)) = 1.

The end-point P of the line segment would then be taken as the starting point of the
remaining curve for which we iterate to find the next longest possible Bézier subsegment
having maximum deviation equal to flatness. This process would be iterated until point

P3 is reached.
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Figure 11. Approximating Bézier Segment

4.1 Initial Attempt—Analytical Solution

In the analytical part of the research we tried to find the mathematical solution of the
problem. In other words, we tried to derive a formula that would give us the ¢ value such
that if we divide the cubic Bézier curve segment at that value the first Bézier subsegment

has its maximum deviation equal to the required flatness.

After considerable scrutiny and work, a partial solution was derived, but it was
determined that an analytical solution would be expensive and most certainly will not be

feasible for any practical algorithm. The details of this work are given in the Appendix A.
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Figure 12. Visual Test bed

4.2 Visual testing tool

During the development of the algorithm, an interactive visual test bed program was
created that shows the Bézier curve and the points of the approximating polyline. Figure
12, is a screen shot of the Windows application, where the points on the left segment are
approximated using recursive subdivision (RS) and the points on the right segment are
approximated using parabolic approximation (PA — current research as explained in
section 4.3). The control points of one of the Bézier curves could be interactively dragged
to arbitrary positions, and the effect of changing the curve could be visually observed for
both algorithms. This visual tester not only gave us a tool to test the flattening algorithm,
but also played an important role in making us understand different Bézier shapes, and

their effect on the correctness constraints of the algorithms.
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4.3 Approximate Solution—Parabolic Approximation (PA)

With the help of this tool we noticed that after the Bézier curve segment is flattened the
Bézier subsegments that will be replaced by line-segments are a reasonable

approximation to a parabola, as can be seen in the Figure 13.

Figure 13. Flattened Bézier curve segment

This idea led us to the idea to approximate the cubic Bézier curve (sub)segment with a
parabola. This reduced considerably the complicated algebra, and simplified the solution.
Figure 14(a) demonstrates the situation where there is significant resemblance of the
cubic Bézier curve subsegment and a parabola making it a candidate for an

approximation.

We have defined a coordinate system such that its origin is at the first control point of the
Bézier curve subsegment and one of its axes is tangential to the curve at that point. If we
put a parabola such that it passes through the origin and is also tangential to the same axis
as the Bézier curve, then the parabola and the cubic Bézier curve segment overlap one

another, at least in the region around the origin.
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Figure 14. Parabolic approximation

Figure 14(b) shows the magnified picture of the overlapping of the Bézier curve
subsegment and its approximation parabola. The solid curve represent parabolic
subsegment, being an approximation to the Bézier subsegment,. The dotted curve
represents the rest of the cubic Bézier curve segment. We need to find the ¢ value at

point P, on the parabolic subsegment, such that the maximum transverse deviation,d | is
equal to the required flatness, /. This point approximates the corresponding point on the

Bézier segment.

Consider a normalized coordinate system with s- and r-axes such that the origin is at P,

and the r-axis is in the direction of P P, , where P,and P, are the first two control points

of the Bézier segment, and the s-axis is orthogonal to this is the right-handed sense. An

arbitrary point P, (x, y) in this new system can be transformed into P (7,s), using the

new coordinates as follows:
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r= T
(-2 )(R -A)-(A-2)(R -R)
s = i
where,

L=Ipp=y(R-R) +(R -8 )

Let, P, =(r,,,s, ) be the point on the Bézier subsegment, Q(P,,P,), such the distance of

point P from the line P P, is equal to maximum transverse deviation, d . The goal of
this setup is to find the value of ¢ in terms of d, . So we need to find some relation

between point P_and P,. The parabola and its slope is defined as:

) s
s=ar°, —=2ar
dr

Therefore the slope at P_ is:

2ar

m

Since maximum transverse deviation occurs at P,_, its slope is equal to the slope of the

line-segment P P, and is given by:

=2ar,,
h
=1, =57,
Similarly:
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A

The equation of the line PO_Pt is given as:

2
ar,
=—"Lr-s=0

t

Since we are in the normalized coordinate system we will have to divide it by the length
of the line to get the equation in our system.

ar, s

\/a2r,2+1r_\/a2rtz+l -0

The distance from the above line of the point P can be calculated by substituting the

point coordinates in the line equation. This distance is defines as maximum transverse

deviation d, . After simplifying for d, and solving for 7, we get:

ar, 1
d, = — — ar,
2.2 2.2
\/ar, +1 \/aI; +1

\/azr,z +1\2 ar’ 1\ 4
4\/a2r12 +1

2

= =24’ +1,/£
a

Note that it is reasonable to assume that (ar, )2 ~ 0 because the angle between the cord

P,P, and the Bézier curve subsegment is very small. Therefore 7, can be approximated
as:
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To solve the value of the ‘a’ we will look at the coefficient of the square power of the

s-component of the cubic Bézier curve in its simplified polynomial form.

s

P(t)=h, +(3Pls -3P, )t+(3PZ& —6F,_ +3P, )t2 +(P3& -3P, +3P, - P, )f

Since in the normalized system s-component of the first two control points were zero, the

2" power coefficient is given as 3P, . Therefore,

Now we make another assumption that our -component changes at a constant rate with

comparison to the ¢ value. Such that dr/dt = constant . Therefore,

4.3.1 Parabolic approximation (PA) features and limitations

In PA we find the ¢ values where the maximum transverse deviation, d , on the parabolic

approximation is equal to flatness. Then we subdivide, as shown in section 2.2.1, the
cubic Bézier curve segment at that value, the first part of the curve will give us the Bézier
subsegment that could be replaced with its respective cord, and the rest of the Bézier
subsegment is passed again through the same process. This process is repeated until the

leftover Bézier subsegment also satisfies flatness.

One of the best features of the parabolic approximation (PA) is that the mathematical
computation involved with respect to analytical solution is quite simple. More

importantly, the PA solution leads us to a non-recursive algorithm rather than the
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recursion required in recursive subdivision (RS). In PA, the flatting of the Bézier curve
segment can be done using iteration. This is a big advantage since, for the majority of

types of processors, recursion is slower than iteration.

Another important thing to notice is that in calculating the ¢ value for subdivision, only
the first 3 control points take part . We set our normalized coordinate system such that the
new system r-axis is aligned with line passing through first two control points and then
our solution has third control point in its calculation. It is independent of the fourth

control point P,. This make sense since we are approximating using a parabola, a second

degree polynomial, and if we expand the cubic Bézier curve segment in polynomial form,

the fourth control point is part of only the coefficient of the cube term.

In the equation above, the third control point represents its deviation from the new
coordinate system r-axis. If this deviation is relatively small as compared to the distance
between the first two control points then the calculated ¢ value is will have a higher
probability of being erroneous. Moreover, if all of the control points are collinear then
point P, in the equation will be zero hence leading to an incorrect value. On the other
hand, if all the control points are at a fairly uniform distance from one another—a
common situation for subsegments meeting the flatness requirement—a parabolic

approximation is very good since it strongly resembles the Bézier subsegment.

4.3.1.1 Reduced flatness for calculation

Since the PA uses a parabolic approximation, the calculated value of ¢+ may fall on either
side of the “true” value on the Bézier curve. If the calculated value is a little more than
the true value, the maximum transverse deviation, d , , will not satisfy flatness. To lessen
the chance that any of the Bézier subsegment’s deviation is greater than flatness, PA

calculates the value of ¢, using flatness value a little less than the required flatness, called

the Reduced Flatness, f, .
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Figure 15. Reduced Flatness

In the Figure 15 the solid line-segment is the approximation generated by PA. If the
actual ¢ value was a little larger than the approximated value as shown with dotted line-
segment with a higher slope, then the deviation of the approximated Bézier subsegment
will still satisfy the flatness. On the other hand, in cases where the deviation of the
approximated Bézier subsegment is a little larger than the acceptable value, or the
approximated ¢ value is smaller than the actual value, as shown with a dotted line-
segment whose slope is smaller the approximated line-segment, we will have to divide
the Bézier subsegment at least one time to make sure that all the Bézier subsegments
satisfy the flatness. If we use the reduced flatness to calculate the ¢ value then the effect
of error in approximation can be eliminated, or at least there will be a lower probability

that we have to divide the approximated Bézier subsegment.

4.3.2 Inflection points

The parabolic approximation of cubic Bézier curve segment is dependent on the direction
of the change of slope of the curve when moving on the curve away from the first control
point. Since the approximation is quadratic polynomial (parabolic) it will only be an
acceptable approximation in cases where the curve does not change the sign of the

curvature. Therefore, inflection points, if present in the curve, must be considered.
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If we divide the curve at inflection points then theoretically the resultant Bézier
subsegments should not have any inflection point, hence favoring the parabolic
approximation. Figure 16 gives us the high level of the algorithm flow, it filters out the

cases of inflection point for PA to work efficiently.

Since cubic Bézier curve segment can have at most two inflection points, we have three
cases. In the first case, where the curve does not have any inflection point, we can use the
PA algorithm directly. This is the most common case as evidenced by the practical data

set collected (section 5.1).

In the second case, where curve has one inflection point, we divide the curve at that
inflection point and apply the approximation on the resultant Bézier subsegments
separately. We must be careful when compiling the list of points for the polyline as the
endpoint of the first Bézier subsegment and the start point of the second Bézier

subsegment are the same.

The third and final case is where we have two inflection point. This is a very rare case
(section 5.1) because in practice Bézier curves are used to represent relatively smooth
curves or curved outlines. In this case, we divide the curve into three Bézier subsegments.
First we subdivide into two Bézier subsegments at the ¢ value which is smaller of the two
inflection point’s ¢ values. This will insure that the second inflection point lies in the
second Bézier subsegment. Then we find the new ¢ value of the inflection point in the
second Bézier subsegment before dividing it. Theoretically there should be one on
inflection point left in the second curve. It was noted that the second (middle) Bézier
subsegment in most cases was dumbbell in shape. Bézier curve segments such as these
have second and third control points very close to one another, and PA is not suitable for
them. It was empirically determined that it is best to use recursive subdivision to
approximate the second Bézier subsegment. Fortunately, curves with two inflection
points are rare, so the choice of the algorithm for the second Bézier subsegment does not
effect the overall performance. In addition, second Bézier subsegments tend to be quite

short.
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Figure 16. High Level PA Algorithm flow

Appendix B discusses the details of finding the inflection points.

4.3.3 PA Algorithm description

In the parabolic approximation algorithm, we move along the Bézier curve segment

starting at the first control point, P,, and chopping off the subsegments with deviation

equal to flatness. The end points of these Bézier subsegments will define the point

sequence of the approximating polyline.

Let a cubic Bézier curve segment Q(¢) be defined by its control points P, ,. The first
step will be to store the first control point, P,, in the polyline point sequence list. Next
we check the deviation of the curve against the required flatness, f . If it satisfies the
flatness, d | (Q (Py.P; ) < f, then we can stop after storing the fourth control point, P,

in the polyline point list. If not, we then find the third control point’s deviation from the

r-axis of the normalized coordinate system.
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Before we do that, we will have to translate the control point coordinates of the cubic

Bézier curve segment to the new normalized coordinate system. Then we can plug in the

7

2.5'

deviation of the third control point in the formula, ¢ =2 as derived in Section 4.3.

If the calculated ¢ value turns out to be larger than 1, this would indicate the parabolic
approximation is not suitable for this type of curve. In such relatively rare cases,
recursive subdivision is used to generate the polyline approximation. The algorithm takes

this path whenever the curve is drastically different from a parabola.

If the calculated ¢ value is valid, i.e., in the interval (0,1), then we divide the curve at that

value in two smaller Bézier subsegments. The first curve subsegment, S, , should have

Q1>
its deviation equal to required flatness, f . Since this calculation may not always be
exactly right, we check its deviation against the required flatness and if we have a
deviation a little larger that the flatness we use recursive subdivision to flatten the Bézier
subsegment. Then we repeat the process on the second Bézier subsegment, S, . This

process is continued until we have the second Bézier subsegment that satisfy the required

flatness.
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Figure 17. Parabolic Approximation (PA) Algorithm Flow Chart

Notice that the reduced flatness, f,, is used for the calculation of the ¢ value, but the

deviation of different Bézier subsegments are checked to see if they satisfy the actual

required flatness, f .
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Chapter 5
EMPIRICAL PERFORMANCE ANALYSIS

In order to test our hypothesis we have implemented the devised algorithm and have
compared its empirical performance against the competitive algorithm, recursive
subdivision using the Hain stopping criteria [9]. The algorithm was implemented in C++,

and the code listing is given in appendix C.

The parabolic approximating function is provided with inputs consisting of the control
points of the Bézier curve segment, the required flatness, the percentage of the flatness
used as the reduced flatness, and the array reference where the polyline coordinates are
stored. The function returns the number of points added in the array, and the array is
filled with the polyline coordinates. The recursive subdivision algorithm is also

implemented and requires the same arguments with the exception of the reduced flatness.

5.1 Testing Data Set

From test suites currently used for testing at MINOLTA-QMS, Inc., 6924 Bézier curves
were extracted from different graphics pages. While most of these test suites consisted of
Corel Draw and Acrobat Reader documents, we believe they represent a reasonably
representative collection of graphic pages, and, in particular, curves. About 15.6% of the

curves had inflection points.
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5.2 Spatial Performance

Spatial performance is measured by the number of line segments generated as an
approximation of the Bézier curve. The smaller the number of line-segments the better
the performance. According to hypothesis 1 (Section 3.1) we are aiming for a polyline
approximation that has, on average, 15% fewer line-segments than that generated by the
recursive subdivision (RS) with Hain’s stopping criterion. Our results show that the
amount of performance improvement is not only dependent on the flatness required but

also on the reduced flatness.

5.2.1 Spatial Performance versus Reduced Flatness

The graph in Figure 18 below shows the performance improvement in PA over RS with
respect to the reduced flatness used by PA. Notice that in the graph the vertical axis is not
labeled. This is because the performance is relative and the data used to plot this graph
have different flatness. As can be seen, on average, the best performance is gained when

the reduced performance is 88—90% of the required flatness.
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Figure 18. Average PA performance improvement against reduced flatness

Recursive subdivision (RS) is better when the reduced flatness was not used by PA (i.e.,
100% required flatness) because when the approximation generates a subsegment that has
its deviation a little larger than flatness, we have to divide the subsegment again in
flattening. The performance shoots up the moment we use even a small reduced flatness
(99% of the required flatness.) It is reasonable to assume that the reason behind this is the

arithmetical error involved in computation of the ¢ value.

The chart in the figure below also show the change in the performance with respect to the
reduced flatness, but each flatness is plotted as a different graph to quantify the PA

performance gain.

34



Small flatness

]
B

oV. over §S
i\

pr

<
53

Big flatness

<
53

PA % Perfmormance Im

T T
80% 85%

~
=]
X
~
a 4
X

Reduction Factor for Reduced Flatness

Figure 19. PA performance improvement against reduced flatness

Note that for large flatness values the best performance gain is achieved with when 80—
85% reduced flatness is used , while the best performance for smaller flatness is when the

reduced flatness is 90-95%.

In Figure 20 below we have plotted the PA percentage performance improvement over
RS against different flatness that we used for testing. Separate graphs for each reduced
flatness are shown. Notice that the whole graph shifts up as we decrease the reduced
flatness and the highest performance gain is when the reduced flatness is about 88-90%,

in accordance with the overall value.
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5.2.2 Spatial Performance Vs Flatness

In Figure 20 above, notice that the performance is indirectly proportional to the flatness;
as we reduce the flatness the performance increases. Flatness values ranging from 1.0 to

0.01 pixels are plotted on a logarithmic horizontal axis.

After a careful analysis, it was noted that the flatness that is sufficient for human eye,
ranges from 0.4-0.6 pixel. The above graph tells us that PA is about 8-9% better than RS
for these flatness. We claim in our hypothesis that the devised algorithm will have 15%
better performance. While we did not get that much performance improvement for
commonly used flatness (only 8-9%,) for flatness below 0.05 pixel the improvement is
15% or more. Moreover, it is reasonable to say that the performance improvement of PA

over RS for our data set asymptotes to the estimated 25%.
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Figure 21 shows the average number of line-segments generated by RS and PA (with
reduced flatness 97%) for all different flatness tested. The gap between the curves widens
as we decrease the flatness. Also notice that the parabolic approximation curve is smooth,
while the recursive subdivision graph is not smooth. Since the performance improvement
is the ratio between the two, these bumps are very prominent and seen as steps in Figure

20.
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Figure 21. Spatial Performance — RS v PS

5.3 Temporal Performance

Timings data was calculated by flattening all ~7000 practical Bézier curves 50 times.
Timings were performed on a Pentium III 500 MHz with 128MB of RAM running
Windows 98. The number of iterations of the timed algorithm was chosen so that the
smallest measured time was greater than 4 seconds. This ensured that the MS clock

precision (~ ), second) would not affect the results by more than 2%
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Temporal performance is measured by the running time of each algorithm to flatten the
whole curve. The smaller the time taken by the algorithm the better is the performance.
Just as in spatial performance, the temporal performance is dependant on both the

specified flatness and the reduced flatness.

5.3.1 Temporal Performance versus Reduced Flatness

According to hypothesis 2 in Section 3.1, we expected to be able to decrease the size of
the approximating polyline, but only at the cost of calculation overhead. We set out goals
to have this computational penalty no more than 100% of the time taken by the recursive

subdivision with Hain [9] stopping criteria.
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Figure 22. Temporal Performance — PA improvement v reduced flatness

However, according to the timing data collected is it clear that the devised algorithm is
actually faster than RS with the Hain stopping criteria. Figure 23 shows the results. The
average time taken by a Bézier curve using RS for flattening is 62 milliseconds (not
shown in graph.) On the other hand, the time taken by the PA ranges from 56 to 60
milliseconds depending upon the reduced flatness used. The smallest time is taken by the
PA when the reduced flatness is 97% of the required flatness. Therefore we have
temporal performance improvement in PA as opposed to the expected calculation

overhead.
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5.3.2 Temporal Performance versus Flatness

It was also found that the the time taken to flatten the curve monotonically increases with
its flatness. The smaller the flatness the larger the running time for the flattening
algorithm This seems reasonable since the approximation with smaller flatness will have
relatively more line-segments in it. Figure 23 shows the average running time versus
flatness. The horizontal axis has flatness on a logarithmic scale. For simplicity, only 97%
reduced flatness graph is shown for PA. The average time taken by the PA increases

gradually as we decrease flatness over a logarithmic scale.
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Figure 23. Temporal Performance — PA and RS running times versus flatness

On the other hand, the RS graph increases in a stepwise manner. Since RS is a recursive
algorithm, and curves are subdivided in half until they satisfy flatness, it is reasonable to
assert that the graph goes to the next step every time a new level of recursion is
introduced. Also notice that, on average, the PA graph is lower than RS, meaning its
rendering time is less, hence yielding an overall improvement over RS. This could be
partly due to the fact that the parabolic approximation is an iterative rather than recursive,

as in the case of RS.
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5.4 Discussion

Our goal was to reduce the size of the display list by reducing the number of line-
segments in the polyline approximation of a cubic Bézier curve segment. We were
expecting to gain some spatial performance improvement at the cost of some amount of
time which we hop to gain back by having fewer primitives to render in display list.
However, we had a win-win situation, as not only we have reduced the size of the
segment lis in our polyline approximation, but we have achieved a temporal performance
improvement as well. The improvement is dependent on the flatness specification as well

as the reduced flatness.
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Chapter 6
CONCLUSION

6.1 Summary of current work

This research has developed an algorithm that generates a polyline approximation of the
cubic Bézier curve segment. Since the algorithm approximates a cubic curve subsegment
by a parabola, it is called parabolic approximation (PA). This algorithm generally
reduces, and certainly never increases by more than 1, the number of line-segments
generated by the widely used recursive subdivision (RS) algorithm (using the Hain
stopping criterion, which is by itself already a significant improvement.) The reduction in
the number of line-segments, i.e., the spatial performance of the algorithm, is dependent
on the flatness specification. The spatial performance is indirectly proportional to the
flatness and at a practical operating point (0.4—0.6 pixel flatness) it is about 8-9% better
that the counterpart RS, while the improvement for smaller flatness (less than ~0.1 pixel)
can be as much as 25%. Consequently, as higher resolutions are implemented in printers,
there will be increasing benefit from this algorithm. The PA algorithm not only offers the
spatial performance improvement, but also is faster than RS, i.e., offering temporal
performance improvement. On average, the temporal performance gain is about 10-12%.
So this is a win-win situation where we are not only reducing the size of the display list

but also doing so in less running time.
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6.2 Future work

The current research does not guarantee the least possible number of line segments. This
is mainly because we are trying to interpolate the curve and limiting our selves to find the
next point on the curve such that the corresponding subsegment’s maximum transverse
deviation is equal to flatness. Figure 4 shows that when same curve when extrapolated
produce one less number of line segment in the approximation. However, solving
extrapolation problem is not easy, as we introduce more degrees of freedom in that the
calculation for the start and end points of approximating line-segments may not lie on the

curve.

A second interesting research topic is the elimination of the flatness test after subdividing
the curve for the calculated ¢ value in parabolic approximation. This can be done if we
can categorize the Bézier curve by its control points, and deciding a priori whether a

parabolic approximation is in fact feasible.
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APPENDIX A
Analytical Solution Work

Let P,,P,,P,, and P, be the control points of the Bézier curve segment P(7), as shown

in the Figure 24, such that P(to) =P, and d, (SP (PO,P(;,P(;',P(;")) =f.

Figure 24. Subdivision of Curve P(r)

In order to solve the problem we will have to find the value of ¢ in terms of known
variables such as control points of the Bézier curve. Four control points of the Bézier

subsegments S, can be found by the following equations[7].

45



R =F+t(R=F)
R =R+1(P,~R)
P =P+{(R~P)
R =R+(R-R)
R =R +(R-R)
B =P +(F k)

Consider a new coordinate system with its origin at P, and one of its axes (r-axis) is

along the line-segment P,P," , while s-axis is orthogonal to it in a right hand rule. The

new system is shown in the Figure 25.

- A
S-axi1s Po

> » r-axis
R P

Figure 25. Bézier subsegment S,

Maximum deviation of the subsegment occurs at ¢, , where ¢, € [O, 1], such that
Sp (tm) =d, (S P ) = f . Slope of the line tangential to the subsegment at ¢, , in the new

coordinate system where F, = F, =0 is given as:

d(S, (t,))

dt

m

=(3-12¢,+9¢,) B, +(6t, -9, ) B =0

Let v="F, /P, , which gives us the quadratic equation:

9 (l—v)—6tm (2-v)+3=0
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Solving for ¢,

Plugging value of vback in the equation gives us:

B 2B, () -BB +(R)

t, =
3(R-R)

m

According to the Bézier subsegment equation:

S, (t,)=P, +(3B, -3B, )tm +(3B, —6F, +3P, )tj, +(1{,‘j ~3F +3P, - P, )ﬁ

If we plug in the value of ¢, and equate the above equation to the flatness f, after

simplification we get:

6(R ) ~6(B ) +(B) (4B, ~15B, +14B, )+ (B ) (15B ~14E] -4P, )

"

+(B) B (218 +158, )+21(E ) B (B - B,)

"

(B ) -RE +(5)

=27/(R, - )

s 6(B ) =6(p, ) +(4p, —12B, 138, )(R, )

+(138, +128, ~48, )(B ) +135, B, (B ~F,)

Now we need to plug in the four control points of the Bézier subsegment in the equation

above. We know these control points in terms of the control points of the actual Bézier

segment and the unknown ¢ value. Doing so will give us a polynomial with the unknown

variable as 7. The solution will be expensive to calculate. Moreover, since it is a

polynomial of a high degree, we could have more than one unambiguous solution, which

will further complicate matter. Therefore, the analytical solution will not be feasible for

the algorithm.
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APPENDIX B

Calculating Inflection Points

q

Figure 26. Inflection point on Bézier curve

Let p, q, r and s be the four successive control points of a Bézier curve. The number of

inflection points can be evaluated by the following conditions:

(< ) (5 )<

// there is exactly one inflection point
else if (((palar) > 0) A ((ar rs) > 0))

// the most common case with guaranteed no inflection point
clse if (((paxar) & )((paxrs) k) > o)

// some remaining cases with guaranteed no inflection point

else

// (rare situation) there may be zero or two (possibly coincident) inflection points

Where k is a unit vector along the z-axis.
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The first condition says that p and s are on opposite sides of the line through qr (be
careful if qand r are coincident). Here a single inflection point is guaranteed since the

curves curvature is first in one and then in the opposite direction. The condition can be

calculated as follows:

(((qx _pX)(ry _qy)_(qy _py)(rx —qx))*((l’x _qX)(Sy _ry)_(ry _qy)(sx _rX)))<O

Here, the second condition filters out the predominant number of cases with no inflection

point (those where the projection of the intersection of the lines through p—q and rs onto

the line through a lies on the line segmenta , implying relative symmetry in the curve).

This condition may be calculated by:
[(a.- )0 =90 +(a0, - ), =) >0 A (r,=q,)(s, =) +(r,—q,)(s, =7,) > 0]
This is cheaper to evaluate than third condition, given below.

The third condition says that the intersection of the lines through [71 and rs are on the

opposite side of the line through (F from the points p and s (which are both on the

same side of that line). This condition can be calculated similarly as above. This

guarantees an arc (with no inflection points), and is calculated by:

((@.=2)(r=4,)~(a, = p,) (. =) *((2. = p.)(s, =1,) = (2, = 2, ), —n))) >0

The remaining case may involve a curve with an arc or loop (no inflection points), a

curve with two inflection points, or a cusp (two coincident inflection points.)
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APPENDIX C
Code

/~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k************************

* This code is the implementation of the Parabolic Approximation (PA). Although *
* it uses recursive subdivision as a safe net for the failing cases, this is an *
* iterative routine and reduces considerably the number of vertices (point) *
* generation. *

~k~k~k~k~k~k~k~k~k***~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k***********************/

#include <math.h>

#include "Bezier.h" // Including the Bezier class. Class has four vertices (control
// points i.e., bl, b2, b3 and b4) as its data members. Each
// vertex contains x an y coordinates. One of the member function
// of the bezier class worth mentioning finds the maximum
// deviation of the curve (maxDeviation).

static int noOfPoints; // Total number of points so far added to the list.
static float flatness; // required flatness
static float reducedFlatness; // reduced flatness

/************************************************************************************/

int parabolicApproximation ( CBezier bez, // Bezier Control points
float f, // required flatness
CVertex polyLinel], // Array for storing the
// vertices (point)
float rFPer=1.0) // reduced Flatness

// First we will set the static variables with the passed value for usage of other
// functions. These variables are declared as static so better temporal performance.
noOfPoints = 0;

flatness = £;

reducedFlatness = flatness * rFPer;

int estimatedIFP = numberOfInflectionPoints (bez);

if (estimatedIFP==0)

{
// If no inflection points then apply PA on the full Bezier segment.
doParabolicApproximation (bez, polyLine);
return noOfPoints;

}

// If one or more inflection point then we will have to subdivide the curve
float tl, t2;
int numOfIfP = findInflectionPoints (bez, tl, t2);

50




if (numOfIfp == 2)

{

else

}

else

// Case when 2 inflection points then divide at the smallest one first
CBezier subl, tmpl, sub2, sub3;
bez.subdivide (tl, subl, tmpl);

// Now find the second inflection point in the second curve an subdivide
numOfIfP = findInflectionPoints (tmpl, tl, t2);
if (numOfIfp == 2)

tmpl.subdivide (t2, sub2, sub3);
else if (numOfIfP == 1)

tmpl.subdivide (tl, sub2, sub3);

else

return 0;

// Use PA for first subsegment
doParabolicApproximation (subl, polyLine);

// Use RS for the second (middle) subsegment
useRecursiveSubdivision (sub2, polyLine);

// Drop the last point in the array will be added by the PA in third subsegment
noOfPoints--;

// Use PA for the third curve
doParabolicApproximation (sub3, polyLine);

if (numOfIfP == 1)

// Case where there is one inflection point, subdivide once and use PA on
// both subsegments

CBezier subl, sub2;

bez.subdivide (tl, subl, sub2);

doParabolicApproximation (sub , polyLine);

noOfPoints--;

doParabolicApproximation (sub2, polyLine);

// Case where there is no inflection USA PA directly
doParabolicApproximation (bez, polyLine);

return noOfPoints;
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/************************************************************************************/

// Recursive subdivision routine.
// approximation

This will not add the first point in the polyline
(first control point) in the list

// Bezier curve
// Array containing the point

void useRecursiveSubdivision (CBezier bez,
CVertex polyLinel])

double maxDev = bez.maxDeviation(); // Find the deviation of the curve

if (maxDev > flatness) // If not flattened yet then subdivide
{
CBezier bl, b2;
bez.subdivide (0.5, bl, b2);
useRecursiveSubdivision (bl, polyLine);
useRecursiveSubdivision (b2, polyLine);
}
else // If (sub)curve is flattened then stop the point and stop
{
noOfPoints++;

polyLine[noOfPoints] = CVertex (bez.p4);

/**~k***~k~k***~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k~k***********************/

// Find the third control point deviation form the axis

float thirdControlPointDeviation (CBezier bez)

{

float dx = bez.p2.x - bez.pl.x;
float dy = bez.p2.y - bez.pl.y;
float 12 = dx * dx + dy * dy;
if (12==0.0)

{

return 0.0;

}

float 1 = (float)sqgrt(l2);

float r = (bez.p2.y - bez.pl.y) / 1;

float s = (bez.pl.x - bez.p2.x) / 1;

float u = (bez.p2.x * bez.pl.y - bez.pl.x * bez.p2.y) / 1;
return ((float)fabs(r * bez.p3.x + s * bez.p3.y + u));

/************************************************************************************/

// Find the number of inflection point

int numberOfInflectionPoints (CBezier bez)

{

float dx21 = (bez.p2.x-bez.pl.x);

float dy2l1 = (bez.p2.y-bez.pl.y);

float dx32 = (bez.p3.x-bez.p2.x);

float dy32 = (bez.p3.y-bez.p2.vy);

float dx43 = (bez.pd.x-bez.p3.x);

float dy43 = (bez.pd.y-bez.p3.vy);

if ( ((dx21*dy32-dy21*dx32) * (dx32*dy43-dy32*dx43)) < 0)

return 1; // One inflection point

else if ( ((dx21*dx32+dy21*dy32)>0) "~ ((dx32*dx43+dy32*dy43)>0) )
return 0; // Most cases no inflection point

else if ( ((dx21*dy32-dy21*dx32) * (dx21*dy43-dy21*dx43)) > 0)

return 0;
else return -1;

// No inflection point
// cases where there in zero or two inflection points
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/************************************************************************************/

// This is the main function where all the work is done

void doParabolicApproximation( CBezier bez, // Bezier curve instance
CVertex polyLinel[]) // Array to all the point approx
{
// Add the first control point

polyLine [noOfPoints] = CVertex(bez.pl);
while (1)
{
double deviation = bez.maxDeviation () ; // Find the deviation

if (flatness > deviation)
{
// If the subsegment deviation satisfy the flatness then store the last
// point and stop
noOfPoints++;
polyLine [noOfPoints] = CVertex(bez.p4);
break;

}

// Find the third control point deviation and the t values for subdivision
float d = thirdControlPointDeviation (bez);
float t = 2 * (float)sqgrt(reducedFlatness / d/3);

if (¢t > 1)

{
// Case where the t value calculated is invalid so using RS
useRecursiveSubdivision (bez, polyLine);
break;

}

// Valid t value to subdivide at that calculated value
CBezier bl, b2;
bez.subdivide (t, bl, b2);

// First subsegment should have its deviation equal to flatness
deviation = bl.maxDeviation();
if (deviation > flatness)
{
// 1f not then use RS to handle any mathematical errors
useRecursiveSubdivision (bl, polyLine);
}
else
{
noOfPoints++;
polyLine [noOfPoints] = CVertex (bl.p4);
}

// repeat the process for the left over subsegment.
bez = b2;

53




/************************************************************************************/

// Find the actual inflection points and return the number of inflection points found
// 1f 2 inflection points found, the first one returned will be with smaller t value.

int findInflectionPoints( CBezier bez, // Bezier curve
float &firstIfp, // First inflection point reference
float &secondIfp) // Second inflection point reference

// For Cubic Bezier curve with equation P=a*t"3 + b*t"2 + c*t + d
// slope of the curve dP/dt = 3*a*t”2 + 2*b*t + c
// a = (float) (-bez.pl + 3*bez.p2 - 3*bez.p3 + bez.pd);

// b = (float) (3*bez.pl - 6*bez.p2 + 3*bez.p3);
// ¢ = (float) (-3*bez.pl + 3*bez.p2);
float ax = (float) (-bez.pl.x + 3*bez.p2.x - 3*bez.p3.x + bez.pd.x);
float bx = (float) (3*bez.pl.x - 6*bez.p2.x + 3*bez.p3.x);
float c¢cx = (float) (-3*bez.pl.x + 3*bez.p2.x);
float ay = (float) (-bez.pl.y + 3*bez.p2.y - 3*bez.p3.y + bez.pd.y);
float by = (float) (3*bez.pl.y - 6*bez.p2.y + 3*bez.p3.vy);
float cy = (float) (-3*bez.pl.y + 3*bez.p2.y);
float a = (float) (3* (ay*bx-ax*by));
float b = (float) (3* (ay*cx-ax*cy));
float ¢ = (float) (by*cx-bx*cy);
float r2 = (float) (b*b - 4*a*c);
firstIfp 0.0;
secondIfp = 0.0;
if (r2>=0.0 && a!=0.0)
{
float r = (float)sqgrt(r2);
firstIfp = (float) ((-b + r) / (2*a));
secondIfp = (float) ((-b - r) / (2*a));

if ((firstIfp>0.0 && firstIfp<l.0) && (secondIfp>0.0 && secondIfp<l.0)
{
if (firstIfp>secondIfp)
{
float tmp;
tmp = firstIfp;
firstIfp = secondIfp;
secondIfp = tmp;
}
if (secondIfp-firstIfp >0.00001)
return 2;
else return 1;
}
else if (firstIfp>0.0 && firstIfp<1l.0)
return 1;
else if (secondIfp>0.0 && secondIfp<l.0)
{
firstIfp = secondIfp;
return 1;
}
return 0;

}

else return 0;

}

/************************************************************************************/
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